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Outline

Generative models
e Refer to Prof. Ho Tu Bao’s slides 25-26

Naive Bayes
EM
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Some Kkey concepts in statistical machine learning R
Generative model vs. discriminative model

Generative model Discriminative model

= M6 hinh vé quan hé cia tat ca = MG hinh vé moi quan hé phu
cac bién, mo ta viéc cac dir liéu thuoc cé diéu kién cia bién
dwoc ngau nhién sinh ra trong dich v&i bién quan sat dwoc
maéi lién quan véi mot s6 bién an. (b6 qua viéc mé hinh twong

. v e 1e minh cac bién quan sat dworc).
= Hoc mét phan bo xac suat lién 1 )

hop (joint probability » Hoc mét phan bo xac suat céd
distribution) ctia cac bién quan dieu kién cia bién dich khi co
sat dwoc va bién dich cac bién quan sat

p(xl' y) - p(’rl' e f’r?l' .}’Il' Lo J'y?l:]
* Tiéu biéu cho bai todan hoc véi

dir liéu khéng nhan * Tiéu biéu cho bai todn hoc véi

(unlabeled data). dw liéu c6 nhan (labelled data).

PYIx) =p(Y1 s YnlX1, s Xn)

25
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e

Some Key concepts in statistical machine learning
Generative model vs. discriminative model

Generative model Discriminative model

o Hoccacham cé dang p(x|y),p(¥). o Hoc cdc ham c6 dang p(y|x)

o Ta wéc lwong trire tiép tham sé o Péc lwong tham s6 cua p(y|x)
p(x|y), p(y) tir dir liéu huan luyén, trirc tiép tir dir liéu huan luyén.
va tir do dung luat Bayes dé tinh 2 SVM, logistic regression, neural
p(ylx). networks, nearest neighbors,

o HMM, Markov random fields, boosting, MEMM, conditional
Gaussian mixture models, Naive random fields, etc.

Bayes, LDA, etc.
el e o) PC
£ !/ \Hw gn.s
g f \ gﬂ.ﬁ
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Nalve Bayes

A simple but important probabilistic model for
classification.

First consider maximum-likelihood estimation in the case
where the data is “fully observed”

Then consider the expectation maximization (EM)
algorithm for the case where the data is “partially
observed”, In the sense that the labels for examples are
missing.
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Nalve Bayes

Assume we have some training set (z!"), 49} fori = 1...n. where each
r'? is a vector, and each y'* isin {1,2,....k}.

Here k 1s an integer specifying the number of classes in the problem. This is
a mulriclass classification problem, where the task is to map each input vector &
to a label y that can take any one of & possible values.

(For the special case of & = 2 we have a binary classification problem.)

We will assume throughout that each vector r is in the set {—1. +1}9 for some
integer d specifying the number of “features™ in the model.
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The Naive Bayes model is then derived as follows. We assume random vari-
ables Y and X, ... X  corresponding to the label y and the vector components
T1,T9,....1r4. Ourtask will be to model the joint probability

P{Y:y,;{l :Il,Xg :Ig}...XiiZId}

for any label y paired with attribute values x; ...z . A key idea in the NB model
1s the following assumption:

PY =y X1=01. X0 =12,... X3 = 14)
d

j=1
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Following Eq. 1. the NB model has two types of parameters: g(y) for y
{1...k}, with

P(Y =y) =qly)
and g;(z|y) forj e {1...d}, xr e {—1,+1},y € {1...k}, with

P(X; =z|Y =y) = q;(z|y)
We then have

d
ply.z1...xa) = q(y) || ai(z;ly)
j=1

8/13/2015 EM Algorithm 8



The next section describes how the parameters can be estimated from training
examples. Once the parameters have been estimated, given a new test example
xr = (ry,T9,...,74), the output of the NB classifier is

d
arg max p(y.ri...zq) =arg max |q(y) [ a;(z;ly)

ye{l..k} ye{l..k} =1
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ximum Likelihoo imation

for NBMSs

Given the training set ("), y'Y)) for i = 1...n, the log-likelihood function is

L) = > logp(z?, y")

n d
= Y log | q(y) [T a5 (=" 19"
i=1 j=1
n T d @)
= Y logq(y'™) + > log [ [] qs(=}"[4")
=1 i—1 j=1
QRS (@), (i
= Zlﬂgq N+ logg;(a)’y™Y) (4)
i=1 j=1
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Definition 2 (ML Estimates for Naive Bayes Models) Assume a training set (x'%), y(%))
for i € {1...n}. The maximum-likelihood estimates are then the parameter val-

ues q(y) fory e {1...k}, qi(zly) forje {1...d},ye {l...k}, r € {—1.+1}
that maximize

n n d
L®) = logq(y™) + 3 logg; ()’ |y™)

i=1 i=1 j3=1

subject to the following constraints:

1. q(y) = 0forally e {1...k}. F_ q(y) = 1.
2. Forally,j,z, qij(zly) = 0. Forally € {1...k}, forall j € {1...d},

Y gjlzly) =1

re{—1,+1}
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Theorem 1 The ML estimates for Naive Baves models (see definition 2) take the
form

Sl =yl _ count(y)

q(y) = " =—

and | )
Yoy =yandx” =] count;(x|y)

i1y = yl] ~ count(y)
Le., they take the form given in Egs. 2 and 3.

q;(zly) =
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Problem for 1 Missing

_abels

We now describe the parameter estimation method for Naive Bayes when the labels
y'" fori {1...n} are missing. The first key insight is that for any example z, the
probability of that example under a NB model can be calculated by marginalizing
out the labels:

k

k d
plz) =) plz,y)=)_ (q{y) 11 q,a'{ffjly))
y=1 j=1

y=1
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Given the training set (') fori =1 . .. n, the log-likelihood function (we again
use f to refer to the full set of parameters in the model) is

L@ = 3 logp(a®)

=1
n k d )

= Yo} (qw} [1 %(mﬁﬂ'y])
i1 y= j=1

n d ) _
L(#) =" log (q{’y“’} 1T q.-f(i}”ly“:'})
i=1

j=1
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Definition 4 (ML Estimates for Naive Bayes Models with Missing Labels) Assume
a training set (xV) for i € {1...n}. The maximum-likelihood estimates are then

the parameter values q(y) for y € {1...k}, g;(z|y) for j{1...d}, y € {1...k},
x € {—1,+1} that maximize

n k: d )
L(#) =) log) (q{y} 11 qj(rﬁ:"}yJ) (10)
i—1 j=1

y=1
subject to the following constraints:

1. q(y) > Oforally € {1...k}. ¥5_;q(y) = 1.

2. Forally,j,z, qij(z|ly) = 0. Forally € {1...k}, forall j € {1...d},

> gilzly) =1

ze{—1,+1}

8/13/2015 EM Algorithm 15



EM Algorithm for NBMs

Inputs: An integer £ specifying the number of classes. Training examples {:c':“:}}

for i = 1...n where each ¥ & {—1,+1}9. A parameter T specifying the
number of iterations of the algorithm.

Initialization: Set ¢"(y) and q?{rr|y] to some initial values (e.g.. random values)
satisfying the constraints

e ’(y)=0forally e {1...k}. Zij=1 " (y) = 1.

e Forally, j, x, q;-}{:r.|y] > 0. Forallye {1...k},forallj € {1...d},

Y qzly) =1

re{—1,+1}
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EM Algorithm for NBMs (cont)

Algorithm:
Fort=1...T

l. Fori=1...n,fory=1...k, calculate

_ d —1,..(%)
¢ (W) 1521 4 (": Iy)

8(yli) = plylz': 0 1) =
Sk gt (y) T2 ¢ (23 |y)

2. Calculate the new parameter values:

2o (i) _ 5{y|i}

'i!-.I!

1
qf{yJZE;5(y|1] g (z|y) = Zi&{yli)

Output: Parameter values ¢’ (y) and q” (z|y).
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EM Algorithm in General Form

Inputs: Sets A and V., where ) 1s a finite set (e.g.., V = {1,2,...k} for some
integer k). A model p(x,y:;#) that assigns a probability to each (z,y) such that
r € X,y € V, under parameters #. A set of { of possible parameter values in the
model. A training sample x'*) fori € {1...n}, where each z'") € X. A parameter
T specifying the number of iterations of the algorithm.

Initialization: Set #" to some initial value in the set {2 (e.g., a random initial value
under the constraint that # = £2).
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Algorithm:

Fort=1...T 1
0 = arg max Q8,6 )
where ;
Q.81 =Y dyli)logp(z', y: 0)
i=1yey
and

. (i) .ﬂt—l
5(yli) = plyla®; 01 = PE VL )

Y ey p(z )

Output: Parameters 7 .

8/13/2015 EM Algorithm
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* Guarantees for the Algorithm

Theorem 4 Forany 0.6 ' € ©, L(6) —L(8" ) > Q(8,0' 1) —Q(8" . 6" ).

The quantity L(f) — L(#' ') is the amount of progress we make when moving
from parameters E’“"' to #. The theorem states that this quantity is lower-bounded

by Q2.8 ") — Q@ g ).
Theorem 4 leads directly to the following theorem, which states that the likeli-
hood 1s non-decreasing at each iteration:

8/13/2015 EM Algorithm 20



Theorem 5 Fort =1...T, L(#") = L(§" ).

Proof: By the definitions in the algorithm, we have

r t—1
o —MEIEJE%Q{E?E )

It follows immediately that
Q.o = Qe .o

8/13/2015 EM Algorithm 21



(because otherwise #° would not be the arg max), and hence
Q.67 -QE e =0
But by theorem 4 we have
L) - L@ 2 Q@07 -Qu a7
and hence L(#") — L(6""') = 0.0

8/13/2015 EM Algorithm 22



Proof of Theorem 4

il >, (! ?y,ﬁ'}

L(9) -

8/13/2015

L{ﬂt—l}

"

= " Zymr‘*hy [
Zlﬂgz (p{j{.;. ;_1}})
zmz (p{;::; ;‘ 1}} x P{(:.':':}? ; 1}})
ZlﬂEZ ( mti {it},]y,gt(f;ﬂ’y;ﬂ))

0 e p(z",y:0)
z ZP{N-'F{ }: f 1} IDE (P{-‘IT{I], y;ﬂt—l})

i=1 u

EM Algorithm

(13)

(14)
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= 33 oyl g ) logp(a,y:8) = > plylx; 8 ) log p(x, y; 61
i=1 v i=1 u

= Q.- e (15)
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Applications

Applications

e Machine translation (word alignment)
e HMMs

e PCFGs

Limitations

e Local optimum
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Key Points

A parameter estimation method
e maximum likelihood

e applicable to generative models in case of incomplete
training data

e |ocal optimum
e efficient in practice

8/13/2015 EM Algorithm
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Thank you!

8/13/2015 EM Algorithm 27



	EM Algorithm
	Outline
	Slide Number 3
	Slide Number 4
	Naïve Bayes
	Naïve Bayes
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Maximum Likelihood Estimation for NBMs
	Slide Number 11
	Slide Number 12
	ML Problem for NB with Missing Labels
	Slide Number 14
	Slide Number 15
	EM Algorithm for NBMs
	EM Algorithm for NBMs (cont)
	EM Algorithm in General Form
	Slide Number 19
	Guarantees for the Algorithm
	Slide Number 21
	Slide Number 22
	Proof of Theorem 4
	Slide Number 24
	Applications
	Key Points
	Slide Number 27

